Consider the solution of the capillary surface equation near a corner of the base domain. It is shown that there exists an asymptotic expansion of the height rise of the surface in a wedge when a+γ < π/2, where 2a is the corner angle and 0 < γ < π/2 the contact angle between the surface and the container wall. The asymptotic does not depend on the particular solution considered. In particular, the leading singularity which was discovered by Concus and Finn is equal to the solution up to O(r 3 ).
1. Introduction. We consider the non-parametric capillary problem in the presence of gravity. One seeks a surface S: u = u(x), defined over a base domain Ω c R 2 , such that S meets vertical cylinder walls over the boundary dΩ in a prescribed constant angle γ. This problem leads to the equations, see Finn [6] , Furthermore, we assume that the contact angle satisfies (1.4) 0<y<π/2.
Concus and Finn [2] have shown that u is bounded near the corner if and only ifα + y>π/2is satisfied.
The existence of a solution at an isolated corner when a + γ > π/2 was proved by Emmer [5] and in the case a + γ < π/2 by Finn and Gerhardt [7] .
When a + γ > π/2 there exists an asymptotic expansion of u near the corner, see [9] . In the borderline case a + γ = π/2 Tarn [13] obtained that the normal vector to the surface S is continuous up to the corner.
In this note we will give an asymptotic expansion in the case
where the solution u is singular at the corner. The proof is based on the following comparison principle of Concus and Finn, see [3] or [6, Chapter 5] . This principle remains valid for unbounded domains too, see Finn and Hwang [8] .
For 0 < R < R o we set Ω R = ΩnB R , Σ R = (<9ΩnB R ) \ {0} and Γ Λ = Ωn dB R . THEOREM 1.1 {Concus and Finn [3] This theorem is a consequence of a more general comparison principle, see Finn [6, Chapter 5] .
Let r, θ be polar coordinates centered at x = 0, set k = sin a/ cos γ and Then, it was shown by Concus and Finn [3] that under the assumptions (1.3), (1.4) and (1.5) there exist positive constants ΓQ and A only depending on α, γ, K and not on the particular solution u considered such that h(θ)
The author [10] improved this estimate by showing that in fact there exist positive constants ΓQ , A and e not dependent on the particular solution u considered such that h{θ)
The proofs of (1.7) and (1.8) are based on the above comparison principle.
The estimate (1.8) shows that for fixed θ the height u(x) is asymptotically a hyperbola. For θ = ±a one obtains the curves of contact on the container wall. With respect to an experiment performed by Taylor 
Asymptotic expansion.
The proof of the existence of the following expansion is completely based on the comparison principle of Concus and Finn. In contrast to the bounded case a + γ > π/2, the terms in the expansion do not depend on the particular solution u considered.
In the following we set where h is defined by (1.6). Let u be a solution of (1.1), (1.2) and assume that (1.3), (1.4) and (1.5) hold. Under these assumptions we have In particular, we obtain from m = 0 an improvement of the estimate (1.8). For a nonnegative integer n we define We assume that v n satisfies
By writing g = O(r^), we mean |g | < cr$, where c is independent of x e ίl Ro .
The calculations in the proof of the next lemma are natural extensions of computational results of Concus and Finn [2, 3] and of the author [10] . Proof Let
where A = const, λ = const > 0 and q e C 2 [-α, a]. The positive constant λ and the function q(θ) will be determined later independent of A.
In where C = Ah{θ)~^n^ . If ^4 < 0, then we obtain by the same reasoning a lower bound for u in Ω ro . Thus, the lemma is proved.
The next lemma concerns the existence of approximate solutions in the sense of (3.1) 5 (3.2) and (3.3). LEMMA Following the proof of Lemma 3.1, we obtain More precisely, there are positive constants CQ , C\ and 6Q , 0 < 8Q < a, such that
Assume that v m (x), m a nonnegative integer, satisfies
Let υ n (x) be given by (3.1) with analytic functions h 4 ι_ι(θ) = q in (-α, a) satisfying
where the supremum is taken over (-a, a) . The boundary conditions are given by (4.3a)-(4.3c). By the same reasoning as in the second part of the proof of Lemma 3.2 one concludes that the associated homogeneous problem has only the solution q = 0 on (-α, a) .
From the lemma of the next section it follows that there is a unique solution of (3.16) under the boundary conditions (4.3a)-(4.3c). Thus, Lemma 4.2 is proved.
The result of Theorem 2.1 if γ = 0 follows from the above lemmas and from Lemma 3.3 as in the previous section. for q G H\, which is an easy consequence of a Sobolev embedding lemma in one dimension. The supremum is taken over (-α, a) . In fact, one has the stronger inequality
which is a consequence of the Hardy inequality.
From the special structure of the coefficients of the differential equation (3.16) and since the right-hand side / is bounded on (-α, a) , we obtain the desired estimates (4.3a)-(4.3c) after three iterations by using the equation (3.16 ) and the estimate (5.2). With (5.3) instead of (5.2) we need only two iterations.
